
COMBINATORICA 6 (3) (1986) 235--243 

A N O N - A N A L Y T I C  P R O O F  O F  

T H E  N E W M A N - - Z N A M  R E S U L T  F O R  D I S J O I N T  

C O V E R I N G  S Y S T E M S  

M. A. BERGER,  A. F E L Z E N B A U M  and A. S. F R A E N K E L  

Received 18 October 1984 
Revised 1 August 1985 

A direct combinatorial proof is given to a generalization of the fact that the largest modulus 
N of a disjoint covering system appears at least p times in the system, where p is the smallest prime 
dividing N. The method is based on geometric properties of lattice parallelotopes. 

1. Introduction 

A disjoint covering system 7 is a partition of the integers into residue sets 
R1 . . . .  ,R , ,  with t=>2, of  the form R,={kEZ:k=ai (modN, )}  (iE{1 . . . .  , t}).  
The positive integer N i is the modulus of R~ (1 <-i<=t). Without loss of  generality 
we may assume N1 -<_... <-Nt. The at are arbitrary integers. The multiset of  moduli 
is denoted by ,4 "(~')= {N~ . . . .  , Nt}. Mirsky, D. Newman, Davenport  and Rado 
gave, over 30 years ago, an ingenious proof, using a generating function and roots 
of unity, that if 7 is a disjoint covering system, then Nt_l=Nt (see Erd6s [2]). 
Porubsk3) [4, Sect. 2.1] remarked, "No proof  of  this result is known which does 
not use complex numbers". 

For  any integer k->_2, denote by p(k) the smallest prime divisor of k: p(k) = 
=rain {pEN:p_->2, p[k, p prime}. M. Newman [31 and Zn~im [51 generalized the 
above result by proving N~_v(N,)+~- ... =N, .  These proofs also use generating 
functions and roots of unity. 

Our main result is an elementary proof  of  the Newman--Zn~im theorem. 
The proof  is based on geometric properties of  lattice parallelotopes. This approach 
can be used to prove other results in the area of  covering systems. See Berger, Fel- 
zenbaum and Fraenkel [1] for some of  these. 

A modulus NEjlr(r) is called division maximal (in short: divmax) if  NiE.Ar(~) 
and NIN~ imply N~=N. In particular, the largest modulus X ~r) is divmax. 

We prove, 

Theorem. Let Y be a disjoint covering system, and let N be a divmax element of  
~2~). Then N is repeated at least p(N) thnes in .,4# ~). 

In Section 2 we develop the necessary geometric tools, and in Section 3 we 
apply them to the case of a coset partition of  a cyclic group. Viewing a disjoint 
covering system as a coset partition of  a cyclic group, this application produces a 
proof  of  the theorem. 

This research was supported by grant 85-00368 from the United States-Is rael Binational 
Science Foundation, Jerusalem, Israel. 
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2. Lattice parallelotopes 

For b=(bx . . . .  , b,)EZ" with b,_~2 (1 <=i<=n), define the lattice parallelotope 
or simply parallelotope 

P= P(n;b)= {c=(ca,...,c,)EZ":O<_-c~< bi (l=<i=<n)} 

= BI XB~X... XB,, 

where Bi=~{O . . . .  ,b i -1}  (l~_i-<n). If bl=...=b,=b, then P(n; b) is also called 
the cube U(n; b). 

Definition 1. Given a parallelotope P=P(n;b), let I~={1, ...,n}. An I(K)-cell, 
1-cell or simply cell K of P is a set of the form 

K={s==(s~ .... s,)EZ":O<=si<bi for iEL si=ui for i¢I}  

= D1XDsX... XDn, 

where D~={0 . . . . .  b~-l}  for iEL Di={u~} for iCL Here u=(ua . . . .  ,u,) is an 
arbitrary point in P. The set I=I(K) is called the index of K. 

Let S be any set. As usual we denote by ISI the cardinality of S. If S is a set 
of lattice points, then [S[, the number of lattice points in S, is also called the volume 
of S. 

Remarks. 1. The index of a cell K is the set of axes on which the projection of K has 
the same fuU length as P. On any axis j outside I(K), the projection of K contains 
a single point, usE[O, b j-1]. 

2. Any cell K determines its index uniquely. This follows from the preceding 
remark and the fact that the projection of P on any axis iEI(K) contains at least 
two points, since bi=>2. 

Example 1. Let P = P ( 4 ;  2, 3,4, 5). Here and in some of the following examples, 
we display in the plane higher-dimensional parallelotopes as a cartesian product 
of pairs of axes (and one single axis if the dimension is odd). The numbering of 
axes is indicated in Figure 1 and in the sequel by numbers in parentheses. 

Let u=(1, 2, 0, 3)EP and /1={1, 4}. Then the encircled points in Figure 1 
constitute an /x-cell Kx. Letting Is= {3}, the points encased in squares constitute 
an 12-cell. 

Definition 2. A partition z of a parallelotope P into cells is called a cell partition 
ofP .  A cell KEz is said to be subset minimal (in short: submin) if K~Ez, l(Ki)C= 
~=I(K)=~I(K,) =I(K). 

Example 2. Given the parallelotope P(4; 2, 2, 2, 3), a partition z of P into cells 
K,(1 <-_ira_8) is indicated in Figure 2, where the cells K, are identified by means of 
their subscripts i in the center of the circles. Incidentally, by Remark 2, we can 
write down the indices of K i : I(K~) = {1, 2} for i=  1, 2; I(K~) = {4} for i -  3, 4, 5, 6; 
l(Kl)= {1} for i=7,  8. The cells Kx and Ks are not submin, but K7 and Ks are. 
Also K~ is submin for 3~=i~_6. 
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Fig. 1. The parallelotope 
P(4; 2, 3, 4, 5) with two cells 

Fig. 2. A cell-partition ~ of 
P(4; 2, 2, 2, 3) 

Some basic properties of cells will be established now. 

Lemma 1. Given a parallelotope P(n; b) and two cells K1 and Kz o f  P. 
(i) I f  K1NK2~O then L=K1NK2 is a cell o f  P with index I(L)=I(K1)AI(K~). 

(ii) I f  I(K1)UI(K2)={I . . . . .  n} and I(K~)NI(Kz)=O, then KINK~ is a singleton. 

Example 3. Consider the cube U(3; 2) and cells K1, K2, Ka (Figure 3) with 1(K1) = 
= {1, 3}, I(K2)= {2, 3}, 1(/(3)= {2}. We note that KINK2 is the cell L = ( 1 ) × ( 1 ) ×  
XP(I  ; 2) with I(L)=I(K~)NI(Kz)={3}. Also, I(K~)UI(K~)= {1, 2, 3}, I(KI)N 
~I(K3)=0,  and K~NK3 is the singleton (0, 1, 0). 

Proof. Write KI= AI× ... ×An, Ka=BI× ... ×Bn, where 
~{0 . . . .  , b , -1}  if iEI(K1) 

Al = (singleton if i ¢ I(KI), 

~{0, ...,  b , -1}  if iEI(Kz) 

BL = (singleton if i¢ I(Kz) (1 ~_ i ~ n). 

2 
Fig. 3. The cube U(3 ; 2) with cells 
K1, K~, Ks, illustrating Lemma 1 
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Now L=KI(3K2=(A1NB1)X.. .X(A, NB,). Then A~GBI={0 . . . .  , b ~ - l }  if iE 
EI(KI)NI(K2). Assume KINK2~O. Every point pEK~NK2 projects onto a point 
on every axis. Hence AINB i is a singleton if i¢l(K1) or i~l(K2). Thus L is a 
cell with I(L) = I(K1) N I(K~). 

For  the second part, note that A~NB~ is a singleton for every iE {1 . . . .  , n}. 
Hence K~NK~ is a singleton. | 

Our main result in this section is the following 

Lemma 2. Let T be a cell-partition of  P(n; b) into at least two cells, and let EET 
be subset minimal Put b = m i n  {hi: iq I(E)}. Then v contains at least b I(E)-cells. 

Example4.  Letting E=K7 in Example 2, we have l(K7)={1}, b=2 .  In fact, 
contains precisely two/-cells,  K7 and K s. If  we let E=K3, then I(K3) = {4}, b =2,  
and ~ contains four/-cells,  K3, K4, Ks, K~. 

Proof. Case_LWe_ ftrsl: consider the special case I ( E ) = 0 ,  so E=(ul, ..., u,) is 
a singleton. By taking an interval L,_G[0, b~-I]  of length ILd=b with u~EL i 
for every iE {1 . . . .  , n}, we see that there exists a translation L=L~×. . .XL ,  of 
the cube U(n; b) containing E. Observe that Lemma 1 (i) implies that ~ = {K N L: KE ~, 
K A L e 0 }  is a translated cell-partiton of L, and that each singleton in ~ is also 
contained in r. 

The volume of any cell in z~ is a nonnegative power of b, and the volume 
of L is b". Since zl is a cell-partition of  L, the number of  singletons in r~ must be 
a multiple of b. Since z~ contains a singleton E, vl must in fact contain a positive 
multiple of  b singletons. 

Case H. Now I(E);~O. By possibly renaming axes, we may assume that 
I ( E ) = { k + l  . . . . .  n} for some kE{1 . . . .  , n - l } .  Consider the cell D=P~(k;b~ . . . .  
.... bk)X(O, ..., O) ( n - k  zeros) of  P, which is an isomorphic copy of the k-dimen- 
sional parallelotope Px(k; b~ . . . . .  bk). Note that D is orthogonal to E and I ( D ) =  
= {1 . . . . .  k}. 

We claim that on account of the minimality of  E, z induces a cell-partition 
r~={KND:KEz, K N D ¢ 0 }  of  D, such that a cell K in • induces a singleton in 
z~ if and only if K is an I(E)-cell. Since P~ is a parallelotope and an isomorphic 
copy of  D, Case I above implies that the number of singletons in ~ is at least b = 
=rain {bi:l~-i~=k}, that is, ~ contains at least b=min{b~:i¢l(E)}l(E)-cells. 

Example 5. Consider P(3; 2, 3, 2) and a cell-partition z into five cells as depicted 
in Figure 4a. The cells E~ and E~ are submin (with I(EO=I(E2)= {3}) and ortho- 
gonal to D = P ~ ( 2 ; 2 ,  3))<(0). In Figure 4b we see the induced cell-partition ~ 
of  z, in which precisely the cells Ex and E,_ correspond to singletons. 

To prove the claim, let KEz. Assume that KND is a singleton. By Lemma 1 (i), 
I(KND)=O=I(K)NI(D).  Hence I(K)C=I(E). Since E is submin, I(K)=I(E). 
Conversely, suppose I(K)=I(E).  Then I(K)NI(D)=O, so KND is a singleton 
by Lemma 1 (ii), proving the claim. 

Thus ~1, which is a cell-partition of  D by Lemma 1 (i), has precisely as 
many singletons as there are I(E)-cells in z. Since rx can also be considered a cell- 
partition of  P~, the result follows. | 
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Fig. 4. (a) A cell-partition r of P(3; 2, 3, 2) into 5 cells; 
(b) The induced cell-partition r~ of P~(2; 2, 3) 

3. A group to parallelotope mapping 

In this Section we establish a connection between cyclic groups and lattice 
parallelotopes. Using this and an obvious connection between cyclic groups and 
disjoint covering systems, we will be able to use Lemma 2 to prove the theorem. 

Let o '=aM= {0 . . . . .  M - 1 }  be the cyclic group of  order M under addition 
mod M, where M - p ~  ...pro is the standard form of M (that is, p~ < . . .  <p,,  primes, 
a~>0 . . . . .  a~>0).  Let kEo" and ./C{1, ..., m}. Represent the least nonnegative 
residue kj of k modp~J in the pFary  numeration system, that is, 

¢Q 

kj = ~ a(J)n~J-li ~j -~ k(modp~J) (0 =< kj <P~O, 
i= l  

where O<=aH)<pj ( l ~ i ~ a j ) .  
A parallelotopefunction 

@: g - ~ P ( z ~ a j ;  Pl ..., P~, .. . ,  Pm, ..., P;,) j=l 

is defined as follows. Let ¢~(J)(k) =(a~ j7 . . . .  , a~)). Then ~(k)=(@(°(k)  . . . .  , ~(m)(k)). 

Example 6. Let M = 2 4 = 2 3 × 3 .  The pj-ary representation of the terms in g24 is 
shown in Table 1 ( j~ {1, 2}). 

The mapping @: o24~(4; 2, 2, 2, 3) is depicted in Figure 5. We have already 
met this parallelotope in Figure 2. Note that in the latter, "monochromatic cells", 
that is, collections of  circles labeled with the same number, correspond to cosets 
of subgroups, as can be seen from Figure 5. This is not an accident, as will be shown 
in Lemma 3 below. 

Define an addition operation on parallelotope lattice points as usual vector 
addition, where 

(a~j), ~(J)~/(h(j) (J)  . . . ,  d (j)) (1 ~_j ~ m) . . . ,  % j = ~,~ , . . . ,  b ~  ) = (d~ iT, , ~ ,  
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Table 1 

T h e  p j - a r y  r ep resen ta t ion  fo r - t e rms  in ~rz~ 

• ,(~)(k) @(~)(k) 

0 0 0 0 0 
1 0 0 1 1 
2 0 1 0 2 
3 0 1 1 0 
4 1 0 0 1 
5 i 0 1 2 
6 ! I 0 0 
7 1 1 1 1 
8 0 0 0 2 
9 0 0 1 0 

10 0 1 0 1 
11 0 1 i 2 
12 1 0 0 0 
13 1 0 1 1 
14 1 1 0 2 
15 1 1 1 0 
16 0 0 0 1 
17 0 0 1 2 
18 0 1 0 0 
19 0 1 l 1 
20 1 0 0 2 
21 1 0 1 0 
22 1 1 0 1 
23 1 1 1 2 

(4) ® ®  @@ 
®@ ® ®  

@@ ® ®  
® ©  @@ 

c2~i ® ® ® ®  
@® ®@ 

L-- 

(1) 

(3) ~ 

Fig. 5. T h e  m a p p i n g  
~ :  cr24-~ P(4 ;  2, 2, 2, 3) 
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is the normal p j- ary addition, with carries propagating from right to left, and any 
"overflow" digit lost for each jE {1 . . . . .  m}. Thus 

ctj 

0 ~_ d i < pj(1 <= i <- ~j), Z di(J)P~ :-~ < P~J" 
i=1 

Example 7. For az4 and using Table 1, 4~(11) + #(23) =(0, 1, 1 ; 2) +(1, 1, 1 ; 2) = 
=(0, 1, 0; 1), which, incidentally, is #(11 +23)=  45(10). 

For any sets S, T, function f ,  real number r and integer d, we use the nota- 
tion S + r = r + S  for the set {r+s:sES}; the notation f ( S )  for { f (s ) :sES};  
we write S=-T(modd)  if ]S]=IT], for every sES there is tET such that 
s=t  (rood d), and tor evory tET there is sES such that t=s  (modd).  

Lemma 3. (i) The mapping • is bijective. 
(ii) The mapping • is additive: For k, lea, # ( k+ l )=~(k )+#( l ) .  
(iii) I f  C is any coset o f  any subgroup H of  cr with [HI -'~a1-~'1 ...emna", O~ [3i<=Oti 

(1 <--i<=m), then #(C) is a cell o f  P with index 

i--1 

I (C)- -  ~J ({1, ...,/~j}+ Z c~,) 
j = l  i=1  

(which depends only on ICI, not on C), and volume I~(C)I---ICI=IHI. 
j - 1  j 

We note in passing that if/~j of  the 7j axes in the interval l- Z ~i, ~ ~ i -  1 ] 
i=1 i = l  

lie in the index, then it is the first pj in the interval which are in the index. 

Proof. (i) Suppose ¢ (k) --- * (h) for some k, hEa, that is, #(J)(k)=#(J)(h) for 
1 <=j<-m. By the uniqueness ofp-ary representations, this implies kj=hj (1 <=j<=m). 
The Chinese Remainder Theorem then implies k =h.  

(ii) Note that lattice point addition transforms the set 

{(¢(1) (k) . . . . .  ~(") (k)): kE a} 

into a cyclic group of  order M, which is thus isomorphic to a. Hence 4 ) (k+ l )=  
= # ( k )  + ~(1). 

(iii) We have C={kM/[CI: O~_k<lCl}÷d, for some dE[0,(M/[C[)-I] .  
Let jE {1, ..., m}. For simplicity we often write p, ~,/~ for p j, c~ i,/3 i below. Now 

M 
[Cl" = p~l-# .... p~,,,-a,,, - cp,-# (mod p'), (c, p) = 1. 

Since clearly kcp ' -a - ( k  +PO cP ~-~ (rood PO, we have C -  {kcp ~-a : 0 <=k<p #} +dj 
(rood f ) ,  where d i is the least nonnegative residue of d rood p'.  Since (c,p) = 1, 
we clearly have {kc: O<=k<pa}-{l:O<=l<pa}(modp¢). Multiplying by p~-# we 
get finally, C -  {lp~-#: O<=l<pa}+dj (modpO, where lp~-a<f  for every 
IE [0, pa - 11. 

a 

If  l=  ~ '  alp a-i is the p-ary representation of l, then lp "-a= ~ a~p ~-~, so 
i=1 i=1 

~x--~ 

¢(J)(H) = {(a~, ..., a a, 0 . . . . .  0): 0 -<- ai < p(1 -<_ i <=/~)}. 
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By part (ii), 

¢(J) (C) = ¢(J) (H) + (b (j) (d j) = 

: { ( a l ,  . . . ,  ap, 0 . . . .  , 0 ) :  0 -< a i < p (1 <- i <= f l ) } + q s ( J ) ( d j ) .  

j - 1  j 
This shows that in the interval [ Z ~i, ~ ~ i -  1] precisely the axes {1 . . . . .  fli}+ 

i = 1  i = l  
j - - 1  

+ ft, ni belong to the index. Hence C has index 
l = l  

j - 1  

G ((1,.., Z 
i = 1  i = l  

as claimed. Finally, I¢'(C)1 =lCI since (/3 is a hijection. I 

Proof of Theorem. Let M=l.c .m.(Nl . . . . .  N t ) -  ~' ~" - P l  ...Pro be the standard form 
of M. With the set RI={kEZ: k=-a i (modN, )}  of ?, associate the coset Ci= 
={nNi+a~:nN~+a~aM} of the subgroup Hi={nNi:O<=n<M/Ni}  of a=aM.  
Then [Ci[=IHII=M/Ni,  and {C1,-.., C,} is a coset partition ?' of a, that is, a 
partition of a into cosets of subgroups of a. Let C =  {nN+a:  nN+aCa} ,  where 
N is a divmax element of ,/V (r). Since N]CI =N~[CII = M  (1 <=i<=t), we have that 
ICIIICI implies ICI=[C[. 

Consider the parallelotope function 

:) cp. a ~ P( ~j,Pa, .. . ,  P], . . . ,Pm, ..., P • 
i = l  

By Lemma 3, ¢(-/) is a cell-partition T of P. Let ~ ( C ) = K ,  ¢(C~)=KI (1 <=i<=m). 
Suppose l(Ki)C=l(K) for some i. Since the volume of a cell is obviously 

the product of the lengths of its projections on all the axes of the index, we have 
IKillIKt. By the last part of Lemma 3, this is equivalent to IC]lICl- Thus 

{K, II]K[ ~ [CiIIIC [ ~ [Ci[ = IC[ ::~ [I~][ = IK[ ~ I(Ki) = I (K) ,  

so K is submin. 
By Lemma 2, ¢(?')  contains at least b submin cells with the same index as 

K, where 
j - 1  J 

min {pj: [,--~1= c~,, i=t ~ '  ~x,- 1] ~ I(K)} (by Lemma 3 Off)) b 

= min{pj: p~J ~ IKI} 

= m i n  p j: pj ~ 

= min{pj: pj lN}  

= p(N) .  I 

[p~,J(Igl iff pj[[-~[) 

(M/]KI = N )  
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